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Analytical structure factors for colloidal fluids with size and interaction polydispersities

M. Ginoza and M. Yasutomi
Department of Physics, College of Science, University of the Ryukyus, Nishihara-Cho, Okinawa 903-0213, Japan

~Received 17 April 1998!

The hard sphereM Yukawa fluid is considered as a model for a colloidal fluid. On the basis of the mean
spherical approximation solution of the Ornstein-Zernike equation, for the case of the closure relation consist-
ing of the sum of theM Yukawa terms with the factorizable coefficients, compact and useful expressions of
static structure factors are presented. The expressions are tractable for the hard sphereM Yukawa fluid with
intrinsic size and interaction polydispersities as well as for the fluid with an arbitrary number of components.
@S1063-651X~98!04609-1#
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I. INTRODUCTION

Many colloidal fluids are polydisperse in size, shape,
interaction, due to the mesoscopic or macroscopic natur
colloidal particles. Knowledge of polydispersity effects o
measurable quantities would be essential for us to unders
properties of colloids. Since such a colloidal fluid has
general a number of components of a many body syst
many workers approached the fluid by analytical meth
with the employment of the appropriate models. In partic
lar, analytical expressions for the static structures have b
the matters of concern and studied in the models of a p
disperse hard sphere fluid@1–5#, a polydisperse charged har
sphere fluid@6,7#, and a polydisperse hard sphere Yuka
fluid @8,9#.

A polydisperse hard sphereM Yukawa ~HSMY! fluid,
which is considered below, is one of the most extensi
models, including all the models above as special cases
far as the present authors are aware, no analytical expres
for static structures has been studied yet for the polydisp
HSMY fluid. The aim of the present paper is to present a
lytical expressions of the partial structure factor, the to
structure factor, and the scattering function of the fluid. T
expressions are based on the mean spherical approxim
~MSA! solution of the Ornstein-Zernike~OZ! equation in the
HSMY fluid with an arbitrary number of components.

Now, in the HSMY fluid the MSA is defined by the fol
lowing closure relation for the OZ equation:

gi j ~r !50, r ,s i j 5~s i1s j !/2, ~1.1a!

ci j ~r !5 (
n51

M Ki j
~n!

r
e2znr , r .s i j ~1.1b!

wheregi j (r ) and ci j (r ) are the radial distribution function
and the direct correlation function, respectively, ands i is the
diameter of a hard-spherical particle of thei component of
the fluid. The formal solution of the OZ equation with th
closure above is given in terms of the coefficients that
defined to be the physical solution of the system of nonlin
algebraic equations@10,11#.

Since the system of equations is too difficult to solve g
erally, one of the present authors considered the follow
factorizable case@12–14#:
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Ki j
~n!5K ~n!di

~n!dj
~n! . ~1.2!

In fact, this case gives considerable simplifications for so
ing the system of equations and has been useful@12–14#. In
addition, the simple analytical expressions have been
tained by many workers for thermodynamic quantities@15–
19#. Originally, the expressions are due to the special al
braic form of Eq.~1.2!. Such an investigation still has bee
progressing@20#.

Now, such an investigation of the effect of the spec
algebraic form of Eq.~1.2! would be interesting in a struc
tural aspect of the fluid as well. As seen below, the pursui
the effect results in compact and useful expressions for
static structures: The expressions are tractable even for
fluid with intrinsic size and interaction polydispersities.
Sec. II, we review briefly the MSA solution. Section III give
the expressions of the static structure factors. A discussio
given in Sec. IV.

II. BRIEF REVIEW ON THE SOLUTION

Let us consider the HSMY fluid consisting of spheric
particles with the number density of thej component,r j . In
the Baxter formalism, the formal solution of the OZ equati
with the closure of Eqs.~1.1a! and~1.1b! is given in terms of
the Baxter functionQi j (r ) as follows@10,11#:

Qi j ~r !5Qi j
0 ~r !1 (

n51

M

Di j
~n!e2znr , ~2.1a!

where

Qi j
0 ~r !55

0, r .s i j or r ,l j i 5~s j2s i !/2
1

2
~r 2s i j !~r 2l j i !Aj1~r 2s i j !b j

1 (
n51

M

Ci j
~n!~e2znr2e2zns i j !, l j i ,r ,s i j .

~2.1b!

The Laplace transform ofQi j (r ) is introduced by the defini-
tion as@10,11#
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Q̃i j ~ is!5E
l j i

`

drQi j ~r !e2sr

5esl i j Fs i
3c1~ss i !Aj1s i

2w1~ss i !b j1 (
n51

M

Ci j
~n!

3e2zns i j S ezns i2e2ss i

s1zn
2

12e2ss i

s D
1 (

n51

M

Di j
~n!

e2znl j i

s1zn
G , ~2.2!

where c1(x)[@12x/22(11x/2)e2x#/x3, w1(x)[(12x
2e2x)/x2, andw0(x)[(12e2x)/x.

In order to give the most simple expressions for the co
ficients Aj , b j , Ci j

(n) , and Di j
(n) above, let us follow our

previous work@12,13#. The special form of Eq.~1.2! and the
basic assumption of the Baxter formalism permit us to w
the following expression forDi j

(n) :

Di j
~n!52di

~n!aj
~n!ezns j /2, ~2.3a!

whereaj
(n) is determined later. This is the key expression

make the problem remarkably simple. As in the previo
paper, we get the following:

Ci j
~n!5~di

~n!2Bi
~n!/zn!aj

~n!ezns j /2, ~2.3b!

b j5
p

D
s j1 (

n51

M

D~n!aj
~n! , ~2.3c!

Aj5
2p

D S 11
pz2

2D
s j D1

p

D (
n51

M

P~n!aj
~n! , ~2.3d!

wherezm5( lr ls l
m , D512pz3/6,

Bi
~n!52p(

l
r ldl

~n!E
0

`

dr re2znrgil ~r !, ~2.4!

D~n!52
2p

D (
l

r ls l
2Fc1~zns l !s lBl

~n!ezns l /2

1
11zns l /2

~zns l !
2 dl

~n!e2zns l /2G , ~2.5!

P~n!5(
l

r ls lXl
~n!2

D

p
znD~n! ~2.6!

with

Xj
~n!5dj

~n!e2zns j /21s jBj
~n!ezns j /2w0~zns j !1s jD

~n!.
~2.7!

As is seen from Eqs.~2.3a!–~2.7!, our problem is reduced
to determining the set$aj

(n) ,Bj
(n)%. This set is determined by

the following equations@13,20#:
f-

e

s

2P j
~n!5 (

m51

M aj
~m!

zn1zm
(

l
r l@zmXl

~n!Xl
~m!

1Xl
~m!P l

~n!2Xl
~n!P l

~m!#, ~2.8!

2pK ~n!

zn
dj

~n!e2zns j /21(
l

al
~n!Ij l

~n!

2 (
m51

M
1

zn1zm
S (

k
rkak

~n!ak
~m!D

3(
l

@J j l
~n!~P l

~m!2zmXl
~m!!2Ij l

~n!Xl
~m!#50, ~2.9!

where

J j l
~n!5d j l s jw0~zns j !2

2p

D
r ls ls j

3c1~zns j !, ~2.10!

Ij l
~n!5d j l 1s j

2w0~zns j !
p

2D
r ls l

2
2p

D
r ls j

3c1~zns j !F11
pz2

2D
s l1

zns l

2 G ,
~2.11!

P j
~n![Bj

~n!ezns j /21S 11
zns j

2 DD~n!1
p

2D
s j(

l
r ls lXl

~n! .

~2.12!

Equations~2.8! and~2.9! are equivalent to Eqs.~29! and~31!
in Ref. @13#, respectively.

SinceD (n) and P(n) are functions of$Bj
(n)% as seen from

Eqs. ~2.5!–~2.7!, we can solve Eq.~2.8! and get$aj
(n)% in

terms of$Bj
(n)%. The substitution of this result into Eq.~2.9!

gives us equations for$Bj
(n)%. However, the equations ob

tained still would be too complicated to solve. As a matter
fact, in the 1 Yukawa case the simple method of solution
the equations has been given by Blum@21# and by Ginoza
@12–14#. Such methods of solution have been progressing
the M Yukawa case as well@20,22#.

III. EXPRESSIONS OF STATIC STRUCTURE FACTORS

The partial structure factor related toi and j components,
Si j (k), is calculated from the following general formul
@6,9#:

Si j ~k!5d i j 22 Re@$ĝs~ ik !% i j #, ~3.1!

where thei j element of the symmetric matrixĝs(s) is de-
fined by

$ĝs~s!% i j [
2p

s
~cicj !

1/2rg̃i j ~s! ~3.2!

with the concentrationcj5r j /r, r being the total number
density, and the Laplace transform defined by
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g̃i j ~s![E
0

`

dr rgi j ~r !e2sr. ~3.3!

The total structure factorS(k) is defined by

S~k!5(
i j

~cicj !
1/2Si j ~k!. ~3.4!

Therefore, the calculation of the structure factors is redu
to that of ĝs(s). Below, we shall present MSA expressio
of Si j (k) andS(k).

Now, the Laplace transform of the OZ equation in t
Baxter formalism yields with the use of the MSA solutio
above@10,11#

(
l

2pg̃i l ~s!@d l j 2clrQ̃l j ~ is!#

5H S 11
ss i

2 DAj1sb j J e2ss i j

s2

2 (
n51

M
zn

s1zn
e2~s1zn!s i j Ci j

~n! . ~3.5!

With the use of Eq.~3.2!, this equation can be written in
matrix form as

ĝs~s!Q̂~ is!5L̂~s!, ~3.6!

where thei j elements of the matricesQ̂( is) and L̂(s) are
given by

$Q̂~ is!% i j [d i j 2~cicj !
1/2rQ̃i j ~ is!, ~3.7!

L i j ~s![r
~cicj !

1/2

s
e2ss i j F H S 11

ss i

2 DAj1sb j J
3

1

s22 (
n51

M
zn

s1zn
e2zns i j Ci j

~n!G . ~3.8!

From Eq.~3.6!, we get

ĝs~s!5L̂~s!R̂~s!, ~3.9!

whereR̂(s) is defined by

Q̂~ is!R̂~s!51. ~3.10!

Now, with the use of Eqs.~2.3a!–~2.3d!, Eq. ~3.8! gives

L i j ~s![~cicj !
1/2e2ss i j (

n51

M12

wi
~n!~s!a j

~n! , ~3.11!

where

a j
~1!51, ~3.12a!

a j
~2!5s j , ~3.12b!

a j
~n12!5aj

~n! , ~3.12c!
d

wi
~1!~s!5r

2p

Ds3 S 11
ss i

2 D , ~3.13a!

wi
~2!~s!5r

p

Ds3 H s1
pz2

D S 11
ss i

2 D J , ~3.13b!

wi
~n12!~s!5rH pP~n!

Ds3 S 11
ss i

2 D1
D~n!

s2

2
zn

s~s1zn! S Zi
~n!2

e2zns i

zn
Bi

~n!ezns i /2D J ,

~3.13c!

with n51,2, . . . ,M and

Zj
~n!5dj

~n!e2zns j /2,

while the substitution of Eq.~2.2! into Eq. ~3.7! and the use
of Eqs.~2.3a!–~2.3d! yield

$Q̂~ is!% i j 5d i j 2~cicj !
1/2esl i j (

n51

M12

Yi
~n!~s!a j

~n! ,

~3.14!

where

Yi
~1!~s!5

2pr

D
s i

3c1~ss i !, ~3.15a!

Yi
~2!~s!5

pr

D H pz2

D
s i

3c1~ss i !1s i
2w1~ss i !J ,

~3.15b!

Yi
~n12!~s!5rH pP~n!

D
s i

3c1~ss i !1D~n!s i
2w1~ss i !

1S Zi
~n!2

e2zns i

zn
Bi

~n!ezns i /2D
3S ezns i2e2ss i

s1zn
2

12e2ss i

s D2
Zi

~n!ezns i

s1zn
J

~3.15c!

with n51,2, . . . ,M .
Equations~3.10! and ~3.14! give

Ri j ~s!5d i j 1~cicj !
1/2esl i j (

n51

M12

Yi
~n!~s!L j

~n!~s!,

~3.16!

whereRi j (s) is the i j element ofR̂(s) and

L j
~n!~s![cj

21/2(
l

cl
1/2esl j l a l

~n!Rl j ~s!. ~3.17!

From Eqs.~3.16! and ~3.17!, we get

L j
~n!~s!5a j

~n!1 (
m51

M12

F ~n,m!~s!L j
~m!~s!, ~3.18!
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where

F ~n,m!~s!5(
i

cia i
~n!Yi

~m!~s!, ~3.19!

Therefore

L j
~n!~s!5 (

m51

M12

G~n,m!~s!a j
~m! , ~3.20!

where G(n,m)(s) is the (n,m) element of matrixĜ(s) de-
fined by

Ĝ~s!@12F̂~s!#51, ~3.21!

the (n,m) element of the matrixF̂(s) beingF (n,m)(s).
Therefore, from Eqs.~3.9!, ~3.11!, and ~3.16!, with the

use of Eqs.~3.18!, ~3.19!, and~3.20! we get

$ĝs~s!% i j 5~cicj !
1/2e2ss i j (

n51

M12

(
m51

M12

wi
~n!~s!G~n,m!~s!a j

~m! .

Substitution of this equation into Eq.~3.1! gives

Si j ~k!5d i j 2~cicj !
1/22

3ReFe2ss i j (
n51

M12

(
m51

M12

wi
~n!~s!G~n,m!~s!a j

~m!G
s5 ik

.

~3.22!

From Eqs.~3.4! and ~3.22!, we get

S~k!5122 ReF (
n51

M12

(
m51

M12

Fw
~n!~s!G~n,m!~s!Fa

~m!~s!G
s5 ik

,

~3.23!

where

Fw
~n!~s![(

i
cie

2ss i /2wi
~n!~s!, ~3.24a!

Fa
~m!~s![(

i
cie

2ss i /2a i
~n! . ~3.24b!

The substitutions of Eqs.~3.12a!–~3.12c! into ~3.24b! and
Eqs.~3.13a!–~3.13c! into ~3.24a! give explicit expressions o
Fa

(n) and Fw
(n) , respectively. On the other hand, from E

~3.21! the expression ofG(n,m) is obtained in terms ofF (n,m),
which is calculated with the substitution of Eqs.~3.12a!–
~3.12c! and Eqs.~3.15a!–~3.15c! into Eq. ~3.19!. Thus, from
Eqs.~3.22! and ~3.23! we now obtain explicit analytical ex
pressions of the static structure factors.
.

IV. DISCUSSION

In Sec. III, for the HSMY fluid with an arbitrary numbe
of components we gave analytical expressions of the pa
static structure factor and the total static structure fac
given by Eqs.~3.22! and~3.23!, respectively. As for the co-
herent scattering intensityI (k), it can be written in terms of
Si j (k) as @23#

I ~k!5r(
i j

~cicj !
1/2Fi~k!F j~k!Si j ~k!, ~4.1!

whereF j (k) is the form factor of the spherical particle of th
j component. The substitution of Eq.~3.22! into Eq. ~4.1!
yields

I ~k!5r(
j

cj uF j~k!u222r

3ReF (
n51

M12

(
m51

M12

I w
~n!~k!G~n,m!~ ik !I a

~m!~k!G , ~4.2!

where

I w
~n!~k![(

j
cje

2 iks j /2F j~k!wj
~n!~ ik !, ~4.3a!

I a
~n!~k![(

j
cje

2 iks j /2F j~k!a j
~n! . ~4.3b!

Thus, the main result of the paper is the compact a
useful expressions ofSi j (k), S(k), and I (k). The expres-
sions are very tractable in applications since the applicati
become possible by simply performing the component su
independently for each components, as seen from E
~3.19!, ~3.24a!, ~3.24b!, ~4.3a!, and~4.3b!. It is obvious from
the derivation in Sec. III that the origin of such character
tics of the expressions is the special algebraic form of
~1.2!. The application has been reported already in the int
sically polydisperse hard sphere Yukawa fluid@9#.

Recently, the MSA formula for the scattering intensi
from multicomponent mixtures of charged hard spheres
been reported@7#. The formula is obtained from

Si j ~k!5$@Q̂~k!Q̂~2k!#21% i j ,

whereQ̂(k) is the Baxter’s matrix. This route is somewh
different from that in Sec. III. Both routes, however, must
equivalent as long as the Baxter’s basic assumption onQ̂(k)
is satisfied.
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